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Frenkel Biexcitons 
States and Transition Spectra 

DAVID FOX 

Department of Physics, State University of New York at Stony Brook, Stony Brook, 
N.Y. 1 1794, U.S. A 

A biexciton model is developed, valid for cases in which the excitation-transfer matrix elements 
are small compared with the binding energy between the two excitations. Eigenstates are found 
and spectroscopic transitions between biexcitons and single excitons are discussed. Observation 
of these transitions can be used to find values of the binding energy and of the excitation-transfer 
energies. 

Interactions between excitons, if attractive, can lead to the formation of 
polyexcitons. At high concentrations and low temperatures, there can be a 
phase transition from a vapor of single excitons and polyexcitons to a liquid 
whose particles are molecular excitations, more or less localized. Of these 
configurations, the simplest to deal with, both experimentally and theoreti- 
cally, is the biexciton. A study of spectroscopic transitions between biexciton 
and single exciton states can yield information about the interactions, as 
well as about the excitation transfer (resonance) matrix elements. 

To the author's knowledge, biexcitons have never been observed. In 
another paper' (hereinafter called A) experimental difficulties in observing 
polyexcitons and condensation are discussed, together with suggested 
procedures for overcoming these difficulties. Perhaps the most serious 
problem, with certain crystals, is the very short lifetime of pairs of neighboring 
excitations resulting from exciton-exciton annihilation. Where the lowest 
excited molecular electronic state has less than half the excitation energy of 
the next higher state, the life-time of biexcitons may be determined by the 
radiative lifetime of a single excitation. With careful choice of crystals and 
of the conditions of the experiment, it seems likely that biexcitons can be 
found. 

In A, a formalism is developed for the calculation of emission and absorp- 
tion spectra of polyexcitons and excitonic liquid. For biexcitons, in the 
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40 D. FOX 

approximation adopted here (valid for the most favourable condition for 
observing biexcitons) a much simpler procedure is applicable and will be 
used. Detailed calculations, as well as investigations of corrections to the 
model, are best left for a time when experimental data are available. This 
brief account is intended mainly as a guide in the interpretation and analysis 
of the spectra in future experiments. 

Consider a crystal in which the tight-binding (Frenkel) limit is appropriate. 
For the general polyexciton problem, a set of basis states is adopted, each 
containing n localized excitations (particles), with n = 0, 1, 2 . . . , One such 
state is designated by Ir,, r2, . . . , r,,), where rl,  r2, . . . rn are the positions 
of the excited molecules. 

In this basis, the diagonal terms of the Hamiltonian H have two contribu- 
tions: (1) the excitation energy (“rest energy”) nE for each n-particle state, 
where E is the energy expectation value of a single isolated excitation, and 
(2) a sum of pairwise interaction terms, with I,, designating the energy of 
interaction between particles at r and s. 

An off-diagonal element of H between two states of the same n is nonzero 
if and only if the initial and final states are identical except for the transfer 
of a single particle from one site to another (say, r to s); in this case, the ele- 
ment equals K,,, which is equal to the excitation transfer matrix element 
between the single-particle states Ir) and Is). 

Matrix elements between states of different n can be of the same order of 
magnitude as K,,, (the largest \Krs1) but they connect states which differ 
in energy by at least E.  In the crystals to which the present development is 
most likely to be applied, E is very much larger than K,,,, so one can generally 
ignore the mixing of states with different n. Therefore, for the problem of 
transitions between biexcitons and single excitons, with emission of photons, 
only n = 1 and n = 2 states need be considered. In this limited basis, the 
only nonvanishing matrix elements are of the form 

with r # s in each of the last three equations. 
Comparison of the expressions in A for I,, and for the gas-to-crystal shift 

be suggest that, while I,,, (the largest lIrs1) is likely to be smaller than AE, 
it may well be less than an order of magnitude smaller. In nonpolar crystals, 
one can expect values of I,,, as large as -100 cm-’. In crystals of those 
polar molecules with very large changes in dipole moment between ground 
and excited states,’ I,,, can be much larger than 100 cm-’. 
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FRENKEL BIEXCITONS 41 

We restrict our attention now to those I,, which are negative (although 
the formalism is valid for repulsive pair states as well). It is shown in A that 
the most favorable condition for binding is \Irs\ + K,,,. We consider only 
this case. If I1 and Zz are unequal values of two of the largest [ Z r * l ,  with 
Z2 > Z1, then, with occasional exceptions, AI = I2 - Il will be of the order 
of Z2, so that AI is also much greater than K,,,,,. We can therefore ignore the 
mixing of pair states with different interaction energies and apply degenerate 
perturbation theory to each set of symmetry-equivalent pairs, which must 
have the same I, values. The procedure to be followed is somewhat similar 
to that used to obtain the single-exciton eigenstates in crystals with more than 
one molecule per unit cell.’ It will be recalled that this diagonalization is 
usually carried out in two steps. First, a “one-site exciton” is formed from 
each set of translationally-equivalent local states : 

I k, a )  = N - ‘I’ exp(ik * r,) I r,) 
r. 

( 5 )  

where the index a designates one sublattice; N is the number of unit cells 
in the sample. The basis 1 k, a )  partly diagonalizes the single-exciton block 
in H. In the second step, diagonalization is completed by mixing states with 
the same k and a1 la. 

Similarly, “ one-bond biexcitons ” can be formed from translationally- 
equivalent localized pair states : 

(k,s)  = N-’’2xexp[k-(r + &]lr,r + s) (61 
r 

(Inclusion of the overall phase factor e(1i2)ik’s has the effect of determining the 
phase of each term at the center of mass of the pair. This symmetric choice 
leads to real matrix elements of H, somewhat simplifying computer pro- 
gramming.) In the second step, one mixes the set of states with the same k and 
all factor-group equivalents of the bond vector s. 

The restriction on pair states which can be mixed (Eq. (4)) leads to a feature 
not present in single excitons. The effect of this restriction on the mixing of 
states can be visualized by the following geometric construction : The matrix 
element (r, r’ 1 H 1 s, r’) is represented by a pair of bonds ; the final bond 
(between r and r’) is obtained by flipping the initial one (between s and r’) 
into a symmetry-equivalent position, keeping the end at r’ fixed. Continuing 
in this way, with all permitted flips, one gets a network of bonds which are 
connected, directly or indirectly, by nonvanishing matrix elements. Only 
these bonds need be mixed to form a set of eigenstates ; if there are equivalent 
bonds not in the first network, they will form one or more additional sets of 
eigenstates, with all sets having a common eigenvalue distribution. 

In a crystal with three inequivalent axes, an extreme example is provided 
by the network generated from the pair (r, r + s), with s parallel to one of the 
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42 D. FOX 

axes (say a) and with both particles on the same sublattice. The inequivalence 
of the axes shows that all bonds in the set equivalent to the initially chosen 
one are also parallel to the a-axis ; they are, of course, of equal length. Then 
an entire network consists of a single line of bonds connecting sites R + ms, 
where R is a mixed vector and m is an integer. The pairs in this network 
combine to form one-dimensional biexcitons, of the form of Eq. (6) but with 
one-dimensional k and with r restricted to R + ms. If s = pa, and p > 1, 
there will be sites on the same line which cannot be reached by the flipping 
process, so that there will be p similar sets of biexciton states on the same 
line, as well as on every parallel line of each sublattice. Since corresponding 
states of different networks are degenerate in energy, one may choose arbi- 
trary combinations as eigenstates. For calculation of transition probabilities 
(below) it is convenient to choose combinations that give states of the three- 
dimensional form in Eq. (6). The energy Ek,s of such a state depends only on 
the a-component of k. Eqs. (3), (4), and (6) yield 

E k , s  = 2~ + I ,  + 2 K 2 s ~ ~ ~ k . ~  (7) 
where I ,  = I0,+, K 2 ,  = the zero subscript designates the origin 
molecule. Translational symmetry has been used to replace Zrr, by Io ,  ,-,, 
and K,,. by KO,,-,. .  It should be noted that, as a result of the restriction 
implied in Eq. (4), only K z s  appears in Eq. (7), in contrast with the sum con- 
taining all K ,  in the energy of a single exciton. 

In crystals of low symmetry, one can form linear biexcitons from any s 
lying totally on one sublattice. With sufficiently high symmetry, there will be 
bonds equivalent to son the same sublattice but not parallel to s. The network 
will then be two or three dimensional, but still lying on one sublattice, and 
one can choose eigenstates which are totally restricted to that network, with 
degenerate equivalents appearing on the other sublattices. 

For small K,,,,  the largest K, ,  may be too small to detect. In high-resol- 
tion measurements of the largest K ,  in na~hthalene,~ Hanson could not 
detect K z s  for any s lying on one sublattice. Eq. (7) shows that under such 
circumstances, &, , is effectively independent of k. This degeneracy can be 
used to explore the single-exciton band, as discussed below. 

If the bond vector connects two sublattices, the network of bonds may or 
may not include all sites, but one cannot choose eigenstates on a single sub- 
lattice. Consider, for example, a naphthalene-like structure with two molecules 
per unit cell, one at (0, 0, 0) and one at (fa, fb, 0). Define u = g a  + b); 
v = &a - a). One complete set of equivalent bond vectors is uru, v,-v, where 
we adopt the convention that the tail of each of these vectors is at a molecule 
on sublattice I and the head on ZZ. The network includes sites on both I and 
ZZ, but only in the ab-plane, as the definitions of u and v show. Here the two- 
step procedure for diagonalizing H is appropriate. Four one-bond biexcitons 
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FRENKEL BIEXCITONS 43 

are formed, each as in Eq. (6), with s replaced successively by u,-u, v, and-v. 
In the new representation, H is partially diagonalized, with off-diagonal 
elements remaining only in 4 x 4 blocks corresponding to the four one- 
bond states with the same k. The elements of these blocks are readily calcu- 
lated from Eqs. (3), (4), and (6). These equations lead to 

(k, WlHlk, W’) = ( 2 ~  + Iw)&,w, + K w - w , Y k , w - w * ( l  - a w w , )  (8) 

where yk,x = 2 cos 3k .x  and w, w’ = u,-u, v, or-v. The 4 x 4 k-block is 
then Hk = (2& + 1,)I + H K , k ,  where 1 is the 4 x 4 unit matrix and 

1 (9) 

K 7.u Yk,Zu Kb Yk,b Ka Yk,a 

K2uYk,Zu 0 Ka Yk,a Kb ?k,b 

KbYk,b Ka?k,a 0 K2wYk,2v 

( o  Kay,,. KbYk,b K2v”ik,2v 

H K , k  = 

Again only a small number of Kx appear, for the same reason as in Eq. (7). 
If K2, and Kh.  are negligible, the symmetry of the approximate H is higher 
than that of the crystal, and each of the 4 x 4 matrices may be diagonalized 
by the same unitary transformation 

1 1  

“=f 1 - 1  1 -j - 1  

1 - 1  -1  

The energies (with the states in order of the rows of U )  are 2.2 + I ,  + y. + yb, 

28 + I ,  - y. - yb, 2e + I ,  - ya + yb, and 2.5 + I ,  + y. - yb. If KZu is not 
negligible, then U is replaced by a k-dependent matrix. In na~hthalene,~ 
K. and Kb are of the order of 5 cm- ; KZu is negligible. 

Transitions can take place from a biexciton to a single exciton with the 
emission of a photon. In contrast with the sharp Davydov emission spectrum 
of the singles,’ biexciton emission is a band-to-band transition and is therefore 
broad, with width of the order of several times K,,,. Band-to-band transitions 
have been observed between electronic and vibrational excitons, both 
~ i n g l e . ~  Where the width of the vibrational exciton band is negligibly small, 
the transitions may be used to measure the density of states of the electronic 
band. In a similar way, emission from a degenerate biexciton band can be 
used to study the singles band, with one advantage over the older procedure. 
With the older method, it is difficult to study the top of the singles band. If 
emission is used, the top of the band can be observed only at relatively high 
temperatures, at which phonon broadening interferes with the observation. 
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44 D. FOX 

To use absorption, the temperature must be high enough to populate the 
vibrational state appreciably, again leading to phonon effects. If the initial 
states are in a degenerate biexciton band, the emission spectrum will be 
independent of the temperature T over a range of low T ; furthermore, there 
is no bias against the upper states of the lower band. (There is, however, a 
transition-probability weighting, discussed below.) Emission from a biexciton 
band of nonzero energy will depend on the structure of both bands and is 
T-dependent. 

Calculations of transition probabilities are carried out by an extension 
of the method used for single-exciton spectra.’ The total dipole operator 

is the sum of molecular dipole moments pr. With both the initial and final 
states expressed as linear combinations of localized states, the transition 
matrix element of P is readily calculated by using 

(r, r’lPls) = &nr + 8r.nr. (12) 

where n, is the transition matrix element of pr between excited and ground 
states of molecule r. Clearly, for all r on the same sublattice, the n, are equal. 
As a simple example of the calculation, we take a crystal with one atom per 
cell and a bond vector which has no equivalents. One can form linear bi- 
excitons in this case, but we take linear combinations of the degerate states 
to form the states (6). This procedure has the advantage that taking states of 
definite 3-vector k permits simple application of the momentum selection 
rule, which allows transitions only between states of the same k. The single- 
exciton states are of the form in Eq. (5), with the index a not required. Eqs. (5),  
(6), and (12) lead to 

(k, = nYks (13) 

The transition probability is therefore k-dependent. No k-dependence 
appears in the band-to-band transitions between single excitons involving 
different molecular excitations. In the latter case, each local term ofthe matrix 
element of P involves a transition between two states at the same site, so that 
the two exciton phase factors of that term cancel one another. On the other 
hand, the term of the matrix element in Eq. (13) that contains the local contri- 
bution of Eq. (12) has a phase factor exp(ik. s) from the single exciton and of 
exp[ - i k .  (r + r’)] from the biexciton. According to Eq. (12), only s = r 
and s = r’contribute. In these terms there is only partial phase cancellation 
and hence the matrix element is k-dependent. Note that Eq. (12) does not 
contain any K,, so the transition probability is the same function of k 
regardless of the band structure. 
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FRENKEL BIEXCITONS 45 

In other cases the calculation is similar. If the crystal has more than one 
molecule per cell, the equivalents of Eq. (13) will contain a n, for each sub- 
lattice, either all in each equation or distributed over the equations for the 
subbands. 

With state energies and transition probabilities known, the transition 
spectrum can be determined. The method follows that of previous calculations 
of band-to-band intensities4 except for the effect of the k-dependence of the 
transition probability: For a given pair of initial and final states, with a 
particular k, the contribution to the intensity at that transition frequency is 
proportional to the transition probability for that k value, as well as to the 
Boltzmann factor for the initial state. 

The dispersion relations of the biexciton and single-exciton bands both 
depend on the set of K, values; the only new parameter in the biexciton band 
is the binding energy of a localized I,, which gives a k-independent shift of 
the entire band. (The I, values may be found in an experiment with isotopi- 
cally-mixed crystals, in which one compares the energy of two excitations on 
neighboring traps with that of an isolated excitation on one trap.’) If emis- 
sion from several inequivalent excitons is observed, the combined informa- 
tion can be used to verify, or perhaps to improve, values of the set of K, 
obtained by other methods.*s4 With sufficient duplication of information, 
the data can also be used to determine the accuracy of the approximations 
in the model. 
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